We perform both numerical and theoretical studies on the phase diagram of the Kitaev materials in the presence of a magnetic field. We find that a new quantum spin liquid state with neutral Fermi surfaces emerges at intermediate field strengths, between the regimes for the non-Abelian chiral spin liquid state and for the trivial polarized state. We discuss the exotic field-induced quantum phase transitions from this new state with neutral Fermi surfaces to its nearby phases. We also theoretically study the field-induced quantum phase transitions from the non-Abelian chiral spin liquid to the symmetry-broken zigzag phase and to the trivial polarized state. Utilizing the recently developed dualities of gauge theories, we find these transitions can be described by critical bosons or gapless fermions coupled to emergent non-Abelian gauge fields, and the critical theories are of the type of a QCD3-Chern-Simons theory. We propose that all these exotic quantum phase transitions can potentially be direct and continuous in the Kitaev materials, and we present sound evidence for this proposal. Therefore, besides being systems with intriguing quantum magnetism, Kitaev materials may also serve as table-top experimental platforms to study the interesting dynamics of emergent strongly interacting quarks and gluons in 2 + 1 dimensions. Finally, we address the experimental signatures of these phenomena.
Exploring exotic quantum phases and phase transitions is one of the frontiers of physics. Traditionally, quantum phases of matter are often distinguished by different patterns of spontaneous symmetry-breaking, and the low-energy excitations in these phases can be understood as long-lived quasi-particles. In the traditional wisdom, quantum phase transitions are often characterized by fluctuating order parameters of certain symmetries [1, 2] .
Over the last decades, exotic quantum phases and phase transitions beyond the conventional paradigm are uncovered. The most well established examples may be the fractional quantum Hall (FQH) states, which are nontrivial phases of matter not associated with spontaneous symmetry-breaking. The low-energy excitations in the FQH states are still long-lived quasiparticles, but these quasi-particles are fractionalized, i.e., they can carry fractional statistics and fractional charge [1] .
Another class of long-sought exotic phases are quantum spin liquids (QSLs) [1] . A QSL is a spin system with a nontrivial structure of long-range entanglement in the ground state. QSLs can be broadly classified into two groups: gapped QSLs and gapless QSLs. A gapped QSL has an energy gap that separates its ground state(s) from its excited states, and its low-energy excitations also contain fractionalzied longlived quasi-particles, just as in the FQH states. In a gapless QSL, the dynamics is more complex because the excitations are gapless, and it may not be possible to view these exciations as any type of well-defined quasi-particles.
Despite the great progress in understanding QSLs arXiv:1809.09091v2 [cond-mat.str-el] 3 Oct 2018 conceptually and the tremendous effort in searching them experimentally, so far no solid-state material has been unambiguously identified as a QSL. There are two main difficulties in finding a QSL experimentally: it often requires strong and certain particular form of interactions in the system to stabilize a QSL, and it is often difficult to find a smoking-gun signature to decide whether a system is a QSL. Because of these difficulties, it is of vital importance to build and realize realistic models that give rise to a QSL, and to develop effective methods to detect it. One particularly interesting model of QSLs was proposed by Kitaev [3] . This is a model of localized spin-1/2 particles on a honeycomb lattice, and it features a rather special form of spin-spin interactions. By tuning the parameters in this model, Kitaev showed that this model can realize at least three different types of QSLs: a gapless QSL, a gapped Abelian QSL, and a gapped non-Abelian QSL. These gapped QSLs, if realized, are potentially useful in performing topological quantum computation [4] .
The gapped non-Abelian QSL, more precisely speaking, realizes an Ising topological order (ITO), which has two types of fractionalized excitations: a non-Abelian anyon σ and a Majorana fermion. This state can be viewed as a p+ip superconductor where the Bogoliubov quasi-particles therein are coupled to a dynamical Z 2 gauge field, and σ plays the role of the π flux in this superconductor. Just as a p + ip superconductor, the ITO must break time reversal and mirror symmetries. In fact, it has a chiral edge mode of Majorana fermions, and it is supposed to have a quantized thermal Hall conductance κ xy = 1/2 in units of (π/6)(k 2 B T / ). This property offers an experimentally feasible method to detect the ITO.
Because of the peculiar form of the spin-spin interaction in Kitaev's model, it seems rather unrealistic to be realized in a material. Remarkably, however, it was shown that some Mott insulators with strong spinorbit coupling can potentially realize some variants of this model [5] [6] [7] . Since then, searching for Kitaev spin liquids in these materials becomes an active area. For recent reviews, see Refs. [8] [9] [10] .
Among the various Kitaev materials, α-RuCl 3 has received significant attention recently. It is found that the ground state of α-RuCl 3 is magnetically ordered in the absence of a Zeeman field [11, 12] . Specifically, the spins are ordered in a zigzag pattern [13] [14] [15] , as shown in Fig. 1 . The Heisenberg and Γ interactions (introduced in Eq. (1)) are believed to be responsible for the zigzag order [16, 17] , although the signs and strengths of these interactions in the real material are not fully settled down. It is also suggested that the Γ term may help to stabilize a QSL [18] . Notice a similar zigzag order has also been found in another Kitaev material, Na 2 IrO 3 [19] [20] [21] .
Upon applying a Zeeman field, the zigzag magnetic order in α-RuCl 3 melts [22] [23] [24] [25] . If the Zeeman field 1 . Under a Zeeman field, a Kitaev material may go through four different phases (scenario A): a zigzag ordered state, a non-Abelian chiral quantum spin liquid with Ising topological order (ITO), a neutral Fermi surface (NFS) coupled to an emergent dynamical U (1) gauge field, and a trivially polarized state. The phase transitions between these phases are described by the 1) QCD3-Chern-Simons theory, 2) gauged pairing transition, and 3) gauged Lifhshitz transition. Depending on the microscopic details (e.g., direction and strength of the Zeeman field), there can also be a direct continuous quantum phase transition between the ITO state and the trivial polarized state, and the critical theory is described by another QCD3-Chern-Simons theory (scenario B). The QCD3-Chern-Simons transitions require a high symmetry of the system to be stable, which can be satisfied if the magnetic field is in the ac * plane. All other phases and transitions do not rely on the high symmetries of the system. is strong enough, the system will become a trivial polarized state. Remarkably, the measured thermal Hall conductance in certain range of field strengths is quantized exactly at the value predicted for the ITO [26] , and this phenomenon is similar to that in the pure Kitaev model under a Zeeman field. Although there is some subtlety in interpreting this experiment [27] [28] [29] , and the results therein need to be confirmed by further studies, this discovery has triggered great excitement.
These results give hope that α-RuCl 3 and other Kitaev materials may realize an ITO under a Zeeman field. Two interesting questions immediately arise: 1) By increasing the field, is the transition from the ITO to the trivially polarized state direct, or is there an intermediate phase?
2) Is there a theory that describes the quantum phase transition from the ITO to the magnetic order (e.g., zigzag) upon decreasing the field?
We will address these two questions in this paper, and our main results are summarized in Fig. 1 . Most surprisingly, we find that another QSL with a neutral Fermi surface (NFS) appears between the ITO and the trivially polarized state, as also suggested by Refs. [30] [31] [32] . This phase is described by a dynamical U (1) gauge field coupled to Fermi pockets of fermionic spinons around Γ and ±K points of the Brillouin zone (BZ). Notice this dynamical U (1) gauge field is emergent due to the nontrivial entanglement pattern of this state, and it should not be confused with the ordinary electromagnetic gauge field. The spinons, emer-gent fermionic excitations, are neutral under the ordinary electromagnetic gauge field but interact strongly with the emergent dynamical U (1) gauge field. Initially motivated by the physics of cuprate high-temperature superconductors [33] , this state has been studied extensively over the years [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . It is a very interesting type of QSL: it is gapless and its low-energy excitations cannot be viewed as well-defined quasi-particles, however, it is believed to be stable under any local perturbations, even if there is no symmetry to protect it. This property is very special, because usually a gapless state is stable if it is protected by some symmetry or all its excitations can be viewed as well-defined quasiparticles. We note that another material that also potentially realizes this state is the organic compound, κ-(BEDT-TTF) 2 Cu 2 (CN) 3 [45] . Recently, it was argued that YbMgGaO 4 also realizes this state [46] , but this proposal is under debate [47] .
The NFS state can serve as a mother state of the ITO state and the trivially polarized state. In particular, the ITO state can be obtained from the NFS state by pairing the spinons, and a critical theory for this transition has been discussed in Ref. [43] . The trivially polarized state can potentially be obtained from the NFS state by shrinking the Fermi pockets to zero size. This phase transition is a gauged Lifhshitz transition, i.e., a Lifshitz transition of fermions coupled to a dynamical U (1) gauge field. Both these transitions are beyond the conventional paradigm because of the coupling to the dynamical gauge field. We will discuss the NFS state and these transitions both numerically and theoretically in Sec. III.
Another extremely intriguing aspect of this system is the possible exotic quantum phase transitions from the ITO state to the zigzag order and to the trivially polarized state, which can be realized by tuning the strength of the Zeeman field [26, 48] . We find that such quantum phase transitions are strikingly different from the conventional phase transitions, owing to the emergence of some deconfined non-Abelian gauge fields. In particular, these quantum critical points mimic the QCD theories in 2+1 dimensions, which have emergent quarks and gluons that are strongly interacting with each other. Moreover, these critical theories have interesting duality properties, namely, they can be described either by critical bosons interacting with a U (2) Chern-Simons gauge field, or by gapless Dirac fermions interacting with a U (2) Chern-Simons gauge field. Dualities of interacting gauge theories has generated huge theoretical enthusiasm in both the condensed matter and the high energy community [49] [50] [51] [52] [53] [54] , and the Kitaev materials may be one of the few experimental platforms [55] to study the duality proposals.
The rest of the paper is organized as follows. In Sec. II, we first review the global symmetries of some representative Kitaev materials, including α-RuCl 3 , Na 2 IrO 3 , etc. This will guide us to study different models in the later parts of the paper. In Sec. III, we first numerically study an idealized model, the Kitaev model under a magnetic field. We find strong evidence supporting the existence of the NFS state under an intermediate field. Then, through a parton construction, we provide theoretical understanding of this state and its transitions to the trivial polarized state and the ITO state. In Sec. IV, we discuss the quantum phase transitions from the ITO state to the zigzag phase and to the trivial polarized state, and we find they are described by emergent QCD 3 -Chern-Simons gauge theories. Finally, we summarize our results and discuss some future directions in Sec. V. The appendices contain various technical details.
II. Symmetries of the materials and models
A general Hamiltonian for a Kitaev material under a magnetic field up to nearest-neighbor coupling can be written as
where the second and third terms are the familiar Zeeman field term and Heisenberg interaction, respectively. The K α S α i S α j and Γ α S β i S γ j terms are often referred to as the Kitaev term and Γ term, respectively. On the bond ij x , the x-bond connecting site i and site j, they denote terms K x S x i S x j and Γ x (S y i S z j + S z i S y j ), respectively. And the similar notation is used for the y-and z-bonds. We denote the field direction h = (h x , h y , h z ) as [h x h y h z ], and the field direction
This Hamiltonian is exactly solvable if only the Kitaev term is present. In this case, it hosts two spin liquid ground states. In particular, if |K x | < |K y | + |K z |, etc., the ground state is a gapless Z 2 QSL with two Majorana cones. Under a small magnetic field, as shown by Kitaev, the Hamiltonian gives rise to an ITO, a non-Abelian chiral QSL ground state. Under a very large magnetic field, the spins are trivially polarized [3] . Once perturbed away from the pure Kitaev model, the Hamiltonian is no longer exactly solvable. It is still an open issue about the precise values of the coupling constants of each interaction term. In this paper, we will be primarily concerned with the symmetries of the system, and will not worry about the microscopic interaction strengths.
Some representative Kitaev materials, including α-RuCl 3 , Na 2 IrO 3 , etc., are layered quasi-twodimensional materials with point group symmetry C 2 /m [10] . 1 The C 2 /m symmetry constrains that K x = K y , Γ x = Γ y . It is expected that K z ∼ K x,y and Γ z ∼ Γ x,y , but it is not crucial for our discussion. Without the Zeeman field, the Hamiltonian enjoys the translation symmetry T 1,2 along n 1,2 , inversion symmetry C 2 , pseudo-mirror symmetry σ * (with the mirror axis perpendicular to the z bond, or, equivalently, along the dashed line in Fig. 2) , and time-reversal symmetry T (S → −S). The pseudo-mirror symmetry σ * is the conventional mirror symmetry followed by a spin rotation symmetry e iπS y e iπ/2S z ,
We remark that the spin flip symmetries e iπS α are broken due to the Γ terms. Under a finite Zeeman field, the time reversal symmetry will be broken. The pseudo-mirror symmetry is also broken by a field along a generic direction. There are special directions along which the pseudo-mirror symmetry or its combination with the time-reversal symmetry is preserved. The details are summarized in Table I .
The time reversal symmetry T or the pseudo-mirror symmetry σ * forbids a finite thermal Hall conductance. Therefore, if the Zeeman field is parallel to the b axis 1 We note that there is debate on the precise symmetry of α-RuCl 3 . Some recent papers claim the symmetry is C2/m [14, 15] , while some others claim the symmetry should be R3 [56, 57] . Here we assume the symmetry is C2/m, and the general method presented in this paper can also be straightforwardly adapted to other symmetry settings.
([110] direction), one cannot have a ITO unless σ * is spontaneously breaking. On the other hand, if the Zeeman field is on the ac * plane, as is done in the thermal Hall experiments [26] , there is no symmetry that forbids the ITO. However, it does not mean that we should expect an ITO for a field in a generic direction on the ac * plane. After all, if one rotates the field on the ac * plane, there should be a phase transition between the ITO and its time-reversal partner. This transition can be direct and continuous, or there can be an intermediate phase, e.g., a Z 2 toric code phase, as one rotates the Zeeman field on the ac * plane. In this paper, we will not pursue in this direction. Interestingly, the combination of time-reversal and pseudo-mirror symmetry, T σ * , is preserved for the field on the ac * plane (h [11x]). This symmetry is crucial for the stability of the QCD 3 -Chern-Simons quantum critical points, as we will discuss in Sec. IV. The NFS, on the other hand, is not sensible to any symmetry breaking perturbation. We note that Refs. [15, 58] reported that the zigzag order is on the ac * plane, which means this order preserves σ * and breaks T σ * .
III. Field-induced neutral Fermi surface
To discuss the main features of the NFS state, we consider an idealized model, i.e., an isotropic Kitaev model (K x = K y = K z = K) under a Zeeman field along the [111] direction h = h(1, 1, 1). Meanwhile, we neglect the Γ and Heisenberg interactions. For this special choice of parameters, the system has an extra symmetry, namely, C * 6 = C 6 · e i2π/3(Sx+Sy+Sz)/ √ 3 . Since the NFS is rather insensitive to various perturbations, the main features in this ideal model will still hold after including other realistic interactions and symmetry breaking effects in materials. However, a higher symmetry puts more constraints on the microscopic theory of the gapless spin liquid, and yields more clear predictions that can be tested numerically.
A. Numerical results
We use the infinite DMRG algorithm [59] [60] [61] to simulate the Hamiltonian Eq. (1) with K x = K y = K z = 1, h x = h y = h z = h, and Γ = J = 0. There is previous numerical work studying similar Hamiltonians [30] [31] [32] 62] . We wrap the honeycomb lattice on a cylinder (as shown in the Fig. 3a ). There are L y unit cells around the cylinder (e 1 direction), and an infinite number of unit cells along the cylinder (e 2 direction). Due to the lack of any conserved quantum number in the Hamiltonian, the simulation is more expensive compared to the familiar spin models (e.g., the Heisenberg model). We carry out simulations for two different sizes, L y = 2, 3 unit cells (i.e., L y = 4, 6 sites), and we keep the bond dimension of DMRG up to χ ≈ 1400 ∼ 2000. The truncation error is reasonably small, ∼ 10 −10 for L y = 2 unit cells and ∼ 10 −7 for L y = 3 unit cells, signifying the convergence of DMRG simulations. Fig. 3 (b)-(c) show the behavior of correlation length ξ (along e 2 ) as the magnetic field h changes. Clearly the correlation length is pretty large in a finite region of intermediate field strengths, h ∈ (0.31, 0.41) for L y = 2 unit cells and h ∈ (0.24, 0.36) for L y = 3 unit cells. Moreover, the correlation length ξ increases significantly with the bond dimension χ, which is typical for a gapless state in the infinite DMRG simulation. In contrast, in the smaller field (gapped ITO) or larger field region (polarized state), the correlation length does not show any dependence on the bond dimension. This simple observation provides convincing evidence for the existence of a gapless phase in the region of intermediate field strengths. The gapless state is supposed to have a divergent correlation length in the 2D limit, but in the simulations the finite bond dimension χ introduces a cutoff. Meanwhile, for a given bond dimension, the system with a larger size gets a larger truncation, hence the cylinder with L y = 3 has a smaller correlation length than the one with L y = 2 with the same bond dimension. We think it is the finite size effect that makes the parameter regimes for this gapless phase different on the cylinders with L y = 2 and L y = 3. In the following, we will show that this gapless phase is consistent with an NFS phase, i.e., Fermi surfaces coupled to a U (1) gauge field. For numerical studies on the gapped ITO, we refer the readers to Refs. [30] [31] [32] .
On a cylinder, the momenta k 1 (along e 1 ) are quantized with a spacing 2π/L y due to the finite L y . Therefore, instead of having a genuine 2D state in our system, we expect a number of 1D wires of fermionic spinons labeled by k 1 , as shown in Fig. 4 (a)-(b). In the 2D limit, the spinons are forming Fermi surfaces around high symmetry points. On the cylinder, these Fermi surfaces would then be cut by the 1D wires (according to their momenta), yielding gapless modes. In the case of free fermions, the number of gapless modes are simply the number of cuts between the 1D wires and Fermi surfaces. In our case, the fermionic spinons are interacting with a dynamical U (1) gauge field. As shown in Ref. [63] , the U (1) gauge field will change the system into a set of coupled Luttinger liquids with central charge c = N w − 1, where N w is the central charge of the naive free fermion limit.
To extract the central charge of the gapless phase, we use the finite entanglement scaling introduced in Ref. [64] . As shown in the Fig. 4 (c)-(d), the central charge is c = 1 on the L y = 2 cylinder and is c = 2 on the L y = 3 cylinder. This indicates that the 1D wires cut the Fermi surfaces twice on the L y = 2 cylinder, and three times on the L y = 3 cylinder. One consistent scenario is shown in Fig. 4 (a)-(b). On the L y = 2 cylinder, both the K and −K Fermi pockets are cut once by the wires k 1 = π/2 and k 1 = −π/2 respectively. On the L y = 3 cylinder, the Fermi pocket around the Γ point is cut once by the wire with k 1 = 0; while the Fermi pocket around the K (−K) point is cut once by the wires with k 1 = 2π/3 (k 1 = −2π/3). One may note that the quantized momenta on the L y = 2 and L y = 3 are corresponding to different boundary conditions of fermionic spinons. This is made possible by the fact that the spinons are interacting with a U (1) gauge field. Consequently, a gauge flux φ can in principle be trapped in the cylinder [65, 66] . Moreover, due to the C 2 symmetry, φ should be quantized to either 0 or π. In other words, the fermionic spinons have either a periodic or an anti-periodic boundary condition, depending on the microscopic energetics.
Having established a field-induced NFS state in the Kitaev model, it is important to know which operators can detect the 2k f scattering modes of the Fermi surfaces. We calculate the static structure factor of spin operators,
where q 1,2 and r 1,2 are the components of q and r along e 1,2 , respectively. Fig. 5 shows |D xx (q 1 , q 2 = 0)| on the L y = 3 cylinder, which clearly has singular peaks at the finite momenta q 2 = ±2k f . By detailed examination of the spectra of correlation lengths [66, 67] , we conclude these singular peaks correspond to a 2k f scattering mode from the Fermi pockets around the ±K points. Ideally, there are other scattering modes, such as the 2k f modes at the Γ pocket as well as the scattering modes between the ±K pockets and the Γ pocket. However, they do not have any sharp features in our numerical data of static structure factor. We think this is due to the possibility that those modes have a much smaller correlation length, hence their signatures are washed out. Therefore, correlation functions of the single spin operator S α can detect the gapless modes of the NFS state. It is in sharp contrast to the Z 2 gapless Majorana cone state in the isotropic Kitaev 
The static structure factor of S x on the Ly = 3 cylinder. The value of 2k f decreases as the field strength increases, which is a signal that the NFS shrinks as the field increases.
visons [68] . We expect that experimental techniques such as neutron scattering is able to directly measure the Fermi surfaces of spinons.
Our numerical data could also be consistent with a scenario with only one Fermi pocket around the Γ point. However, such a state at the mean field level will violate the Luttinger volume law, for which we are not able to find a theory. On the other hand, theoretically we could also imagine there are Fermi pockets only around ±K points, or around both the ±K and M 1,2,3 points. However, these are not consistent with numerical results. In the former case, for example, one would always expect an odd central charge, which contradicts with c = 2 we obtained on the L y = 3 cylinder.
At last, we remark that, if the size of the ±K pockets are large, the k 1 = ±π/2 wires on the L y = 2 cylinder may also cut through them. If this happens, we expect a larger central charge, for example c = 3. Similar scenario could happen for the L y = 3 cylinder, where the k 1 = ±2π/3 wires could also cut the Γ pocket if the latter is large enough. However, we have not observed this in our numerical simulations.
Below we turn to understanding our numerical results theoretically.
B. Parton theory of the NFS state
From Kitaev's original analysis, it is known that the isotropic Kitaev model perturbed by a weak magnetic field hosts a non-Abelian ITO [3] . In Sec. III A, we have demonstrated that a different QSL state that has a NFS can be stabilized when the magnetic field becomes stronger. This state persists in a range of magnetic fields, and finally becomes a trivial polarized state. These phenomena can be understood in the following picture.
Previous studies indicate that an NFS state can become an ITO through a continuous quantum phase transition by condensing Cooper pairs of fermionic spinons [43] , which is a natural scenario in our system when the magnetic field is decreased so that the NFS state transits into the ITO. On the other hand, when the magnetic field is increased, the Fermi surface of the NFS state may shrink and disappear. Then the gauge fluctuations will render the system a short-range entangled state [69] , which can be the trivial polarized state. To gain more insights, in this subsection we provide a parton mean field theory for the NFS state and its transitions out. Note to get the the full theory beyond the mean field, one must incorporate the coupling between the spinons and the dynamical U (1) gauge field.
Before presenting our parton mean field theory, let us pause for a moment to explain two principles to find such a theory. First, because we would like to have both the NFS and ITO states preserve translation, C * 6 and T σ * symmetries, and to have a scenario that condensing spinon pairs in the NFS state leads to the ITO state, all symmetries of the ITO mean field must also be present in the NFS mean field. Second, we would like to have a parameter regime in which there are Fermi pockets around Γ, K and −K points of the BZ, respectively.
We will use the standard SU (2) parton construction, which writes the spin operator in terms of fermionic spinon operators [1, 70] :
where S i represents the spin operator at site i, f i = (f i1 , f i2 ) T is a two-component fermionic spinon operator, and σ denotes the usual Pauli matrices. The physical states in the Hilbert space satisfy the constraint
This parton construction has an SU (2) gauge struture [1, 70] , but for our purpose the SU (2) gauge structure will be broken down to U (1), where the gauge transformation reads f i → f i e iθi . We will use the terminology that f i carries gauge charge 1. Notice this is the charge under an emergent dynamical U (1) gauge field, which should not be confused with the ordinary U (1) electromagnetic field. In fact, these spinons are neutral under the usual electromagnetic field. This formalism has been applied to study the Kitaev model [71, 72] . In particular, the implementation of symmetries in the Kitaev model is discussed in Ref. [72] , where it is shown that f becomes a linear combination of f and f † under the relevant symmetry transformations, i.e., the symmetry transformations mix positive and negative gauge charges. This type of symmetry actions is unnatural to describe a U (1) quantum spin liquid with an NFS, where a more natural symmetry implementation should either preserve the gauge charge (i.e., take f to f ) or flip the gauge charge (i.e., take f to f † ). If the symmetries flip the gauge charge, it would mean that whenever there is a Fermi pocket around the Γ point, there needs to be a hole pocket around the Γ point as well. Similarly, there will also be two pockets around K and −K with opposite gauge charges. This leads to more than three pockets in the BZ, which is inconsistent with our numerical results that indicate there are only three pockets, around Γ, K and −K, respectively. Therefore, we will look for a symmetry implementation that preserves the gauge charge of the spinons.
Although the gauge charges are mixed under the symmetry actions in the SU (2) parton formulation described in Ref. [72] , these symmetry actions themselves can be changed by utilizing the gauge freedom in the parton construction (6) . In particular, in Appendix A we present a gauge transformation under which the symmetry actions of the Kitaev model become those in Table II , where we can see explicitly that the gauge charge is preserved under the symmetry actions. and σT σ * ≡ e −iσ 3 π 4 . Notice multiplying these transformation rules by a U (1) phase factor gives rise to the same physical symmetry action in the NFS state, because this does not change the symmetry action on any physical (gauge invariant) operator.
After performing this gauge transformation, the Kitaev model rewritten in terms of the spinon operators f contains two types of terms:
The detailed form of these terms are given in Appendix B, and here we only note that H hopping contains only hopping operators of the spinons, i.e., each term in H hopping preserves the U (1) gauge charge of the spinon. On the other hand, H pairing contains purely pairing of the spinons, i.e., each term in H pairing breaks the U (1) gauge structure to a Z 2 gauge structure. Furthermore, both H hopping and H pairing preserve the symmetries in Table II .
The mean field Hamiltonian that we will construct for the NFS state is given by
where
represents the Zeeman coupling to a magnetic field in the (111) direction. 2 This Hamiltonian also preserves all symmetries in Table II .
The representative dispersions of this four-band mean field Hamiltonian are shown in Fig. 6 . As we can see, for a range of magnetic fields, an NFS state is realized, where the chemical potential cuts through the second and the third bands (in the first three figures of Fig. 6 ). Furthermore, there are in total three Fermi pockets that are around Γ and ±K, respectively. The Fermi pockets around K and −K carry the same gauge charge, which is consistent with the C * 6 and T σ * symmetries. The Fermi pocket around Γ carries opposite gauge charge compared to the two at ±K, which is consistent with the Luttinger theorem applied to the mean field Hamiltonian (9) subject to the contraint f † i f i = 1. We note that our state is different from the spinon-Fermi-surface state in Ref. [73] , where the spinons are coupled to a dynamical Z 2 gauge field.
The NFS state with gauge fluctuations taken into account is still a stable quantum phase of matter, and its properties have been studied extensively [36, [39] [40] [41] [42] [43] [44] . Below we discuss the quantum phase transitions from the NFS state to the trivial polarized state and to the ITO state.
Transition into the trivial polarized state
Upon increasing the magnetic field, the pockets change in size and shape, and eventually disappear. In all these dispersions, the chemical potential is tuned so that the gauge constraint (7) is satisfied at the level of expectation values: f † i fi = 1.
We note in this process there can be Dirac crossings of the four bands, but such Dirac crossings are found to always occur away from the chemical potential, so they do not induce a phase transition. When the magnetic field exceeds some critical value where the pockets disappear, the dynamical U (1) gauge field will be confined due to the proliferation of monopoles [69] . The precise nature of the confining state will depend on the quantum numbers of the monopole, which in turn depends on the mean field Hamiltonian of the spinons.
In this regime where the pockets disappear upon increasing the field, the two lower filled bands can be smoothly deformed into a trivial atomic limit on the honeycomb lattice with h → ∞. Following the argument in Ref. [74] , this means the quantum numbers of the monopole are trivial, and the resulting state after the proliferation of monopoles is consistent with a trivial symmetry-preserving short-range entangled state, i.e., the trivial polarized state. Notice that as the Fermi volume decreases, there can potentially be other instabilities (towards, e.g., exciton condensation). In this case, there will be an intermediate state between the NFS state and the trivial polarized state.
Therefore, our theory is potentially capable of describing the quantum phase transition from the NFS state to the trivial polarized state by increasing the magnetic field.
The putative critical theory for this transition is a gauged Lifshitz transition, where fermions coupled to a dynamical U (1) gauge field are undergoing a Lifshitz transition. We conjecture that the confining state is indeed the polarized state, and this transition can indeed be continuous. More detailed studies of this phase transition are left to the future.
Transition into ITO
Now we turn to the transition from NFS to ITO. A usual Fermi liquid is unstable to an infinitesimal attractive interaction, which will induce pairing. According to Ref. [43] , however, the gauge fluctuations make an NFS state stable against an infinitesimal attractive interaction among the spinons, and only if this attractive interaction is stronger than a critical value does the NFS state undergo a pairing transition. In our case, the strength of the attractive interaction among the spinons depends on the microscopic details, such as the external magnetic field. It is natural to expect that, at a certain Zeeman field, the attractive interaction becomes critical and the pairing transition takes place.
To gain more insight into this transition, consider adding a pairing term so that the Hamiltonian becomes
where λ ∆ ∈ [0, 1]. This pairing term is supposed to be induced by some attractive interaction among the spinons.
We check the effect of the pairing term numerically. For concreteness, let us focus on the case where h = J 1 (panel (a) in Fig. 6 ). We find that an infinitesimal λ ∆ is able to open a gap for the Hamiltonian Eq. (11). After this gap is opened, we calculate the Chern number of the ground state using the method in Ref. [75] , and find a Chern number consistent with that of a p ± ip superconductor. 3 This means by this pairing transition our NFS state can become an ITO, and this phase transition can be a generic second-order transition according to Ref. [43] .
We caution the reader that so far we have only shown that after the above pairing transition, the NFS state becomes a non-Abelian ITO, but we have not proved that this ITO is identical to that of the Kitaev model. This is because the mean field state described by Eq. (11) may differ from Eq. (8) by a symmetry-protected topological (SPT) state under the symmetries in Table  II , which, after taking into account the coupling between the spinons and gauge field, can potentially lead to a symmetry-enriched topological (SET) state that is distinct from the one described by the Kitaev model. 4 To settle down this potential ambiguity, we design an interpolating family of Hamiltonians that connect Eq. (11) and Eq. (8). More precisely, consider the Hamiltonian family parameterized by λ ∆ and λ h :
Clearly, H(λ ∆ , 1) gives Eq. (11), and H(1, 0) gives Eq. (8) . Also, notice this entire family of Hamiltonians respect the symmetries in Table II . To connect (11) to (8), we first increase λ ∆ from 0 to 1 while fixing λ h = 1. After this is done, we decrease λ h from 1 to 0 while fixing λ ∆ = 1. We find that, apart from the initial point with (λ ∆ , λ h ) = (0, 1), an energy gap is always finite in the entire interpolation, which establishes that Eq. (11) and Eq. (8) indeed describe the same quantum phase. Therefore, by condensing pairs of spinons our NFS state can indeed transit into the Kitaev spin liquid.
IV. QCD3-Chern-Simons quantum criticalities
In the previous section, we have discussed the quantum phase transition between the NFS state and the polarized state, as well as the transition between the NFS state and the ITO state. Both transitions are beyond the conventional paradigm. In this section, we study the possible exotic quantum phase transitions from the ITO state to the zigzag phase and to the polarized phase. These two states have no topological order, so these transitions can be viewed as confinement transitions of the ITO.
At a first glance, such confinement transitions are rather nontrivial if they can be continuous. To appreciate this, first notice the anyonic excitations in the ITO only include the non-Abelian Ising anyon σ and the Majorana fermion. One common way to confine a topological order is to condense some of its anyonic excitations that have bosonic self-statistics and proper mutual statistics with other anyons. In ITO, however, there is no obvious such (bosonic) anyon that can condense. One may also try to describe the transition in terms of gapless fermions coupled to gauge fields. As mentioned in the introduction, the ITO can be understood as a Z 2 gauge field coupled to Majorana fermions in a topological band with Chern number C = 1. To confine the ITO, one needs to first change the Chern number of the Majorana fermions from C = 1 to C = 0. This process yields a pure deconfined Z 2 gauge theory, which is the more familiar Z 2 toric code state [3] . To get a topologically trivial state, one needs to further confine the pure Z 2 gauge theory. In other words, one needs two separate transitions to confine the ITO. The first transition is described by a single Majorana cone coupled to a Z 2 gauge field, and the second transition is the confinement transition of the pure Z 2 gauge theory, which can be described by an Ising order parameter coupled to a Z 2 gauge field [80] . 5 The way to make progress, as we will discuss in the following, is to consider dual topological quantum field theory (TQFT) descriptions of the ITO. More precisely, we will find other gauge theories that are capable of describing the ITO, such that the confinement transitions of these gauge theories can be understood either by critical bosons or gapless fermions coupled to the gauge fields.
A. Topological aspects and bosonic critical theories
To apply this strategy to our case, first recall that the ITO can be viewed as a p + ip superconductor coupled to a dynamical Z 2 gauge field that corresponds to the fermion parity symmetry, i.e., the ITO is a gauged p + ip superconductor. Furthermore, there is a 16-foldway classification of 2 + 1 D gapped superconductors coupled to such a Z 2 gauge field, where the ITO corresponds to the state with an index ν = 1 [3] . Suppose we take the supercondutor with ν = 3 together with another superconductor with ν = −2, and weakly hybridize the fermions in these two superconductors, the resulting state is the one with ν = 1.
This observation is useful because it is known that the state with ν = 3 can be described by an SU (2) 2 Chern-Simons theory coupled to a boson. This theory also has two nontrivial anyons: a non-Abelian anyon σ and a Majorana fermion. In addition, the state with ν = −2 can be described by a U (1) −4 Chern-Simons theory coupled to a boson, and this theory has three nontrivial Abelian anyons, with one of them a Majorana fermion. Therefore, we can arrive at the ITO state by taking an SU (2) 2 theory and a U (1) −4 theory, and hybridizing the Majorana fermions in these two theories. More formally, this hybridization of the Majorana fermions can be viewed as a process of anyon condensation, where the bound state of the Majorana fermions from the SU (2) 2 and U (1) −4 theories are condensed. In the language of TQFT, the resulting coupled theory is denoted as U (2) 2,−2 , 6 and we have derived a known duality [81] 
The Lagrangian of the U (2) 2,−2 theory can be writ-ten as
. (14) where b = b +b1 is a 2-by-2 U (2) gauge field, with b an SU (2) gauge field andb a U (1) gauge field. 7 This U (2) gauge field is coupled to dynamical bosonic matter fields Φ, so that the total Lagrangian is
Here Φ may have different flavors, and each flavor can be thought of as a two-component (corresponding to the color index) complex boson, Φ = (φ a , φ b ) T , which are in the fundamental representation of the U (2) gauge group. The third term L Maxwell is the standard Maxwell Lagrangian of the gauge field, and at long distances it is less relevant compared to the topological part, Eq. (14). Bofore proceeding, we pause to comment on the global symmetries of the theory Eq. (15) in the absence of the last · · · term. As a quantum field theory in the continuum, besides the Poincare symmetry, CPT symmetry, etc., this theory also enjoys a U (1) symmetry corresponding to the gauge flux conservation ofb, as well as an SU (N f ) flavor symmetry. These symmetries may not be present in the physical system, but it is nevertheless helpful to keep track of them. The microscopic symmetries of the physical system must be embedded into these symmetries, but, a priori, the precise embedding pattern can only be determined after we have a concrete microscopic construction where this field theory emerges at long distances. When specifying to the physical system, we will add appropriate · · · terms to Eq. (15) to break its full symmetries to the physical symmetries. For example, we can add monopole operators ofb to break the U (1) flux conservation symmetry, and add certain quartic interactions to break this SU (N f ) flavor symmetry. To keep track of the U (1) symmetry, we have added the fourth term, where B is the probe gauge field of this U (1) symmetry.
The dynamics of the bosonic field Φ is described by the standard φ 4 theory, with N f = 1, 2 flavors,
where V (Φ) is the symmetry-consistent quartic potential term. 7 This theory can also be written as,
If the Φ fields are gapped, they are dynamically trivial and hence can be simply neglected. The theory is then described by the U (2) 2,−2 theory, which is nothing but the ITO. On the other hand, if the Φ fields are condensed, the U (2) gauge field will be Higgsed, which destroys the ITO. The mass of Φ is the tuning parameter for this phase transition. In the continuum field theory, it is straightforward to understand the phases when Φ is condensed.
When N f = 1, the U (2) gauge field is Higgsed down to U (1). Without loss of generality, let us suppose the first color component of Φ gets a nonzero vacuum expectation value, then only b 22 is an active gauge field. In the absence of the · · · term in Eq. (15), the Lagrangian describing this remaining gauge field is
So we end up with a 2 + 1D U (1) Maxwell theory, which is nothing but a Goldstone phase with the U (1) flux conservation symmetry spontaneously broken [82] .
In the Kitaev materials, this U (1) symmetry should be explicitly broken, and the monopole operators responsible for this symmetry breaking will gap out the Goldstone mode. Physically, it may be tempting to identify this phase as the zigzag phase. However, the precise nature of this confined state depends on the quantum numbers of the monopoles, which we will discuss in the next subsection. When N f = 2, the U (2) gauge field will generically be completely Higgsed. The gauge sector is trivial, and the precise nature of the resulting confined state is determined by whether the condensate of Φ spontaneously breaks any symmetry. Before the condensation, the system has an flavor rotation symmetry between Φ 1 and Φ 2 , which can maximally be SU (2). The condensation pattern of Φ 1,2 is dependent on the form of the quartic potential V (Φ) in Eq. (17) . Specifically, if V (Φ) is SU (2) invariant, it should have the form
Here I, J are the flavor indices, and a is the color index. If ρ, λ > 0, Φ will condense in the SU (2) invariant channel. In practice, the SU (2) flavor symmetry is absent, but it is still possible that the condensation pattern of Φ does not break any physical symmetry, depending on the microscopic details. So we can end up with a completely trivial state with no topological order or spontaneous symmetry breaking. Therefore, we have reached two continuum field theories for the confinement transitions of the ITO, with N f = 1, 2, respectively. In both theories, in order to determine the symmetries of the confining states, we need to understand how the physical symmetries are embedded into the emergent symmetries of Eq. (15) . Also, we need to know whether the physical symmetries are sufficient to forbid all other possibly relevant operators with respect to these critical theories. In order to do this, a concrete microscopic construction of the critical theory is needed. It turns out to be easier to achieve this goal with a dual fermionic description to Eq. (15), as we will discuss below.
Before leaving this subsection, we point out an interesting relation between the theory Eq. (15) and the bosonic integer quantum Hall states (BIQH) [83, 84] , although this relation is not of vital relevance for the discussions in this paper. The BIQH states are often viewed as bosonic SPTs protected by a U (1) symmetry, but they are in fact compatible with a U (2) symmetry. These states can be labelled by their Hall conductance under the U (1) gauge field corresponding to the protecting U (1) symmetry, σ xy = 2n with n an integer (in units such that the state described in Ref. [83] has n = 1). The response of the state with n = −2 to the U (2) gauge field corresponding to the U (2) symmetry is precisely given by (14) [83, 84] . In other words, the ITO can be obtained by gauging two copies of the BIQH states in Ref. [83] , which is indeed similar to that the Abelian chiral spin liquid is a gauged (one-copy) BIQH state [85, 86] . Therefore, the theory Eq.(15) can be understood as condensing the bosons in the gauged BIQH states.
B. Symmetry properties and dual fermionic theories
The bosonic critical theory turns out to be dual to a fermionic critical theory,
Here a is a U (2) gauge field, CS g denotes the gravitational Chern-Simons term, β is a dynamical U (1) gauge field, and B is a probe gauge field of the global U (1) symmetry as in the bosonic critical theory. In our convention, when the coefficient of CS g is 1, the theory has thermal Hall conductance κ xy = 1 in units of (π/6)(k 2 B T / ), or, in other words, it has an edge with chiral central charge c − = 1. The fermion field Ψ is in the fundamental representation of the U (2) gauge group, and its flavor number can be N f = 1, 2. This duality can be derived using the level-rank duality [54] (see Appendix C), and it was also presented in Ref. [87] 8 . 8 The duality only holds for N f = 1, 2 [54] .
Here the singlet mass of Dirac fermions m Ψ I Ψ I is the tuning parameter of the confinement transition. When m −1 (in proper units), integrating out the Dirac fermions gives a non-Abelian Chern-Simons theory,
(20) This theory indeed describes the ITO. One might be confused about this statement, since the Chern-Simons levels here look rather distinct from those in Eq. (15) . However, it is inappropriate to directly compare the Chern-Simons levels between these two theories, because here a is coupled to fermions, while b in Eq. (15) is coupled to bosons. After taking into account the difference in the matter fields, we can show that the topological order of Eq. (20) is exactly the same as U (2) 2,−2 Chern-Simons theory, i.e., the Ising TQFT. We can also do a quick self-consitent check by examining the gravitational response, whose coefficient corresponds to the physical thermal Hall conductance. The non-Abelian Chern-Simons term in Eq. (20) can be roughly considered as U (2) −2 × U (1) −2 , and integrating out them yields a gravitational Chern-Simons term − 7 2 CS g (U (2) −2 contributes − 5 2 CS g and U (1) −2 contributes −CS g ). Combined with the 4CS g term in (20) , the total gravitational response is 1 2 CS g , which is the identical to that of the ITO.
On the other hand, when m 1, the ITO will be destroyed. As in the bosonic theories, the phases that ITO is confined to depend on the fermion flavor number N f and the actions of the physical symmetries in these critical theories. More precisely, when N f = 1, the theory will be confined to a pure U (1) Maxwell theory, in which the monopole will proliferate and the nature of the resulting phase depends on the quantum numbers of the monopole. When N f = 2, all the gauge fields will be confined without breaking any symmetry. This gives a trivially polarized state as long as there is no other relevant perturbation that can destroy the critical point. To understand the final fates of the confined states, we need to have concrete microscopic construction of the critical theories.
The above fermionic critical theories motivate a parton construction for the ITO and its confinement transitions. With such an explicit construction, we are able to directly work out the symmetry properties of the field theories. In particular, using our parton constructions, we will show that, i) The confined phase in the theory with N f = 1 can indeed be the zigzag magnetic order.
ii) The confined phase in the theory with N f = 2 can indeed be a trivial state with all symmetries preserved.
iii) The symmetries of the representative Kitaev materials (listed in Table I ) are sufficient to for-bid the most obvious relevant operators in both critical theories (with N f = 1 and N f = 2, respectively).
To make the symmetries of Kitaev materials manifest, we consider a rotated spin basis,
Here S x,y,z are parallel to the c * , a and b axis. The parton construction is [88] :
with a constraint n φ = n fa = n f b . This parton construction has a U (2) gauge invariance: Ψ = (f a , f b ) T is in the U (2) fundamental representation, and it is interacting with a U (2) gauge field a; φ carries charge under the diagonal part of the U (2) gauge field and a global U (1) charge (of theS z rotation).
To get the ITO, we can put the bosonic parton φ into a Laughlin state at ν = −1/2, and put the fermionic partons f i into a topological band with Chern number C = 2. This gives exactly the Chern-Simons theory in Eq. (20) : the fermionic parton contributes a U (2) −2 Chern-Simons term for a, while the bosonic parton is described by a U (1) −2 Chern-Simons term of the U (1) gauge field β.
The confinement transition of ITO can be triggered by changing the Chern number of fermionic partons. Specifically, for a transition from C = 2 to C = 1, we get a critical theory with N f = 1, while for a transition from C = 2 to C = 0, we get a critical theory with N f = 2. In Appendix D, we provide the concrete mean-field ansatz for these two Chern-numberchanging transitions. We only consider a Zeeman field on the ac * plane, which is the direction of Zeeman field reported in Ref. [26] . In this case, the symmetries of the system include translation T 1,2 , inversion C 2 , as well as the combination of time-reversal and pseudomirror T σ * (see Table I ). We also work out how those symmetries are implemented in the critical theories using the mean-field ansatz.
In the theory with N f = 1, besides the singlet mass (tuning parameter of the transition), the most relevant operators are the monopole operator M, conserved current, d (Tra) andΨγ µ Ψ. Their quantum numbers are shown in Table III , and all of them are disallowed by symmetries. The minimally allowed monopole operator is a two-fold monopole, which may or may not be relevant in the infrared. If it is irrelevant, we may have a stable critical point with an emergent U (2) gauge field. Furthermore, the monopole has exactly the same quantum number as the zigzag magnetic order, assuming the magnetic moments are ordered on the ac * plane in the zigzag phase, as suggested by Refs. [15, 58] . Therefore, the proliferation of monopoles in the theory with N f = 1 results in precisely the zigzag magnetic order.
We now turn to the critical theory with N f = 2. Besides the U (1) flux conservation, the critical theory also has an SU (2) flavor rotation symmetry. The most relevant operators are the monopole operator M 1,2,3 , SU (2) adjoint massΨτ α Ψ(τ acts on the flavor index), and conserved currents, d(Tra),Ψγ µ τ α Ψ andΨγ µ Ψ.
Here the monopoles are in the adjoint representation of the SU (2) flavor symmetry, and it has three components. Again, we want to work out the quantum numbers of these operators to see if they are forbidden by symmetries. There turn out to be three different cases, depending on the locations of Dirac cones. Constrained by symmetries, the two Dirac points have to stay at the high symmetry points/lines (see Fig. 7 ):
1. The two Dirac cones are at the M 1,2 points, (k 1 , k 2 ) = (π, 0), (0, π).
2. The two Dirac cones are at (k 1 , k 2 ) = (k, k), (−k, −k) points (k is an arbitrary number), which are on the high symmetry line K−K .
3. The two Dirac cones are at (k 1 , k 2 ) = (k, −k), (−k, k) points (k is an arbitrary number), which are on the high symmetric line
In Appendix D, we provide the mean-field ansatz for all the three possibilities, and the quantum numbers of operators are summarized in Table IV -VI. In case (1) (the nodes are located at M 1,2 points), there is one symmetry allowed operator,Ψγ 0 τ z Ψ = Ψ † 1 Ψ 1 − Ψ † 2 Ψ 2 . This operator will destabilize the quantum critical point: it will dope the Dirac cones at the M 1 , M 2 points and generate particle and hole pockets. These two Fermi pockets are interacting with a U (2) gauge field, which may or may not be stable. In cases (2) and (3), again there is one symmetry allowed relevant operator:Ψγ 1 τ z Ψ andΨγ 2 τ z Ψ, respectively. However, different from the first situation, these operators will not destroy the quantum critical points. Instead, they will just move the Dirac points along the high symmetry lines (along either the K-K or the M 3 -M 3 line). Therefore, the quantum critical point between the ITO and polarized state may be stable if the two Dirac nodes are staying at the high symmetric lines.
V. Discussion
Motivated by the recent theoretical and experimental progress in the research on Kitaev materials, we have studied the phase diagram of Kitaev materials. Within the Kitaev model subject to a Zeeman field, we have numerically demonstrated that, in addition to the trivial polarized state and the Ising topologically ordered (ITO) state, another exotic quantum spin liquid state with neutral Fermi surfaces (NFS) appears in certain range of the field strengths. This state can be described by Fermi pockets of emergent electrically neutral spinons coupled to an emergent dynamical U (1) gauge field. We have presented a parton construction of this NFS state, and described the quantum phase transitions from this state to the trivial polarized state and to the ITO state. These phase transitions can be understood in terms of Lifshitz transition and pairing transition of the spinons coupled to the emergent U (1) gauge field, respectively.
The real Kitaev matrials have very complex structures for the spin-spin interactions [89, 90] , and it will be certainly very helpful to understand the ground states in more realistic models. Although our numerical model is based on an idealized antiferromagnetic Kitaev model under a Zeeman field, we expect the qualitative features of our results to hold for various real Kitaev materials, especially the ones that can realize ITO under a finite Zeeman field. Therefore, it is important to experimentally determine whether the real materials realize the exotic phases discussed here.
One of the experimental signatures of the NFS state is that the specific heat and longitudinal thermal conductance (with phonon contributions subtracted) at the lowest temperatures should increase significantly when the system enters this phase from the ITO state. Within this phase, these quantities should qualitatively have power-law temperature dependence with some anomalous exponents. Because of the existence of a neutral Fermi surface, the spin-spin correlation functions will show signatures of 2k f singularities. Therefore, neutron scattering can be used to detect this NFS state, as is done in the material YbMgGaO 4 [46] . This can be a method to distinguish the NFS state and the Z 2 gapless Majorana cone state in the pure Kitaev model [68, 91, 92] . Perhaps more striking phenomena of this state are the possible quantum magnetic oscillations and charge Friedel oscillations in this electric insulator [93] [94] [95] . These oscillating behaviors were first discussed in the context of the organic compound κ-(BEDT-TTF) 2 Cu 2 (CN) 3 , which is known to be a weak Mott insulator, in the sense that it is close to a metalinsulator transition [96] . On the other hand, Kitaev materials such as α-RuCl 3 are strong Mott insulators [97, 98] , so we expect quantitative differences on these oscillating effects therein from the organic compound.
We have further studied the transitions from the ITO state to the zigzag order and to the trivial polarized state. We find that these transitions can be described by QCD 3 -Chern-Simons theories. In particular, the transition between the ITO and the zigzag order (the trivial polarized state) can be described by a dynamical U (2) gauge field coupled to N f = 1 (N f = 2) critical fermions. We have checked that the symmetries of some representative Kitaev materials (listed in Table  I ) are sufficient to forbid the most obvious relevant operators of these putative critical theories. Therefore, these transitions can potentially be generic direct continuous quantum phase transitions. We note that our method can also be adopted to study the transitions between the ITO and magnetic orders other than the zigzag type.
We also note that these critical theories are dual to N f = 1 (N f = 2) species of critical bosons coupled to a dynamical U (2) gauge field. There is an interesting relation between these critical theories with bosonic integer quantum Hall (BIQH) states. The quantum phase transitions from the BIQH states to a superfluid and to a trivial insulator have been widely studied in recent years [99] [100] [101] , and it may be worth relating these transitions to the transitions from the ITO state to other states.
The critical theories presented in this paper are all beyond the conventional paradigm of phase transitions, and it is worth studying them in more depth. On the experimental front, it is helpful to examine the phase diagrams of the Kitaev materials more closely, and identify different phases and study the phase transitions. Numerically, it is important to study the phase diagram of more realistic lattice models. In the purely theoretical direction, it will be of interest to study the low-energy dynamics of these critical theories to determine whether these transitions can be continuous, and what the critical exponents are. These studies will provide further insights to the experimental studies of the Kitaev materials. Also, given the similarities among the critical theories between different pairs of phases, it may be interesting to look for a theory of a multicritical point that becomes these phases and critical theories upon adding perturbations. This will potentially lead to unified understanding of the rich structures of the quantum magnetism in these systems.
Finally, we remark that dualities and emergent non-Abelian gauge theories similar to ours may be useful tools to understand other types of exotic quantum phases and phase transitions in condensed matter systems, and we expect more applications of related ideas will arrive in the future and be proved helpful.
VI. Acknowledgement
We thank for inspiring discussions with Lukas Janssen, Itamar Kimchi In this appendix we review the symmetry actions of the Kitaev model, and present a gauge transformation that converts them into the symmetry actions in Table II. The symmetry actions of the Kitaev model are discussed in details in Ref. [72] . For completeness, let us first review the relevant results therein. Ref. [72] also starts from the parton construction given by (6) , but in a way where the SU (2) gauge structure is manifest. More precisely, on the site i define
so that the physical spin operators on this site can be written in terms of F i as
where W is an SU (2) matrix, this parton construction has an SU (2) gauge redundancy. Generically, a symmetry action on F i is
where i labels the site and g labels a symmetry action. Ref. [72] gives the expressions for U and G's for T 1,2 , C * 6 and σ * :
and G T1,2 = 1
where A and B label the sublattice, and σ C * 6 ≡ 1+i(σ1+σ2+σ3) 2 and σ T σ * ≡ e −iσ3 π 4 . Because of the SU (2) gauge redundancy (A3), it is equally valid to define another set of partons that are related to (A2) by a gauge transformationF
In terms ofF , the symmetry actions becomeF
when g is unitary, orG
when g is anti-unitary. Now take W to be W A(B) on the A(B) sublattice, with
one can verify thatG
In terms off (r i ) = f 1 (r i ),f 2 (r i ) T , the symmetry actions usingG i are
which is recorded in Table II .
B. Kitaev model in terms of SU (2) partons
In this appendix we give the explicit expressions of (8) .
First recall that at the mean field level the original Kitaev model described in [3] becomes a quadratic Hamiltonian of Majorana fermions χ a A,B , with a = 0, 1, 2, 3 and A(B) represents the sublattice index (we adopt the same notation as in Ref. [72] ). It contains three types of terms:
where H 1 is a nearest-neighbor coupling
H 2 is a next-nearest-neighbor coupling
and H 3 is a nearest-neighbor coupling
Notice for any values of J 1 , J 2 and J 1 , this theory describes the same quantum phase (or the time reversal partner, depending on the sign of J 2 ) as in the Kitaev model. Since we are only concerned with universal properties, we will not worry the precise values of J 1 , J 2 and J 1 . In Ref. [72] , the parton f in (6) or (A2) is related to the Majorana fermions via
We will instead relate these Majorana fermions to the transformed partons that is related to the above f 's via (A7), with the gauge transformation given by (A11). In terms of these partons, the Kitaev model (B1) can be written as (8) .
Below we spell out the terms in (8) . For notational simplicity, we will drop the tildes from now on, with the understanding that now we are using the transformed partons.
All terms in H 1 are of the form 2iJ 1 χ 0 B (r j )χ 0 A (r i ), which in terms of the transformed spinons reads
where the first line goes into H hopping , and the second line goes into H pairing . All terms in H 2 are of the form 2iJ 2 τ z χ 0 (r j )χ 0 (r i ), with τ z = 1 (τ z = −1) in the A (B) sublattice, which in terms of the transformed spinons reads
Agian, the first line goes into H hopping and the second line goes into H pairing . The terms in H 3 depends on the type of the bond. The terms on the x-bonds (bonds along a 1 ) are of the form 2iJ 1 χ 1 A (r j )χ 1 B (r i ), which in terms of the transformed spinons reads
The terms on the y-bonds (bonds along a 2 ) are of the form 2iJ 1 χ 2 A (r j )χ 2 B (r i ), which in terms of the transformed spinons reads
The terms on the z-bonds (bonds along a 3 ) are of the form 2iJ 1 χ 3 A (r j )χ 3 B (r i ), which in terms of the transformed spinons reads
The first lines in the right-hand-side always go into H hopping , and the second lines always go into H pairing .
C. Derivation of duality of critical theories
We can use the level-rank duality in Ref. [54] to show that the bosonic critical theory Eq. (15) is dual to the fermionic critical theory Eq. (18). We begin with a level-rank duality, namely, that the U (2) 2 theory with N f fundamental bosons is dual to the SU (2) −2+N f /2 theory with N f fundamental fermions. The duality only holds for N f = 1, 2. The bosonic theory is,
And the fermionic dual is,
Here b is a U (2) gauge field, a is a SU (2) gauge field and B is a U (1) probe field. V (Φ) is the SU (N f ) invariant quartic term. Next we add a TQFT U (1) −2 to both theories, yielding two new theories that are dual to each other. The bosonic theory changes to
And the fermionic theory changes to,
At last, we gauge the U (1) probe field B → α. In the bosonic theory, we can simply integrate out α, yielding β = Trb, and the theory exactly reduces to the bosonic critical theory Eq. (15) we introduced in the main text:
In the fermionic theory, gauging B will promote a + B 2 1 2 to a U (2) gauge field a,
This theory is exactly the fermionic critical theory Eq. (18) we introduced in the main text.
D. Parton mean field of the fermionic U (2) critical theory
In this appendix, we discuss the parton mean-field ansatz for the ITO and its confinement transitions. As discussed in the main text, the U (2) parton construction is
There is a U (2) gauge redundancy, and the (f a , f b ) is the U (2) fundamental. We further rewrite φ † = c † 1 c † 2 . The mean field Hamiltonian of the fermionic partons (c, f ) generally has the first, second and third nearest-neighbor hoppings, which should be consistent with the symmetries: translation symmetry, inversion C 2 and T σ * . We note that the symmetry actions of translation and inversion are simple on (c, f ), while the T σ * symmetry transformation is implemented as,
The mean-field Hamiltonian for the partons (both c and f ) takes a generic form with the first-, second-and third-nearest-neighbor hoppings, H = − ij t ij d † i d j , where d can represent either f or c. Specifically, we consider a symmetry preserving hopping pattern, which has parameters t 1x = t 1y , t 1z , t 2z , t 3x = t 3y and t 3z , as shown in Fig. 8 .
The hopping terms of the parton mean-field ansatz.
TABLE IV. Symmetries of operators in the N f = 2 critical theory with Dirac nodes at the M1 and M2 points. s = 0, 1 cannot be determined using our current method. There is one symmetry allowed relevant operator,Ψγ 0 τ z Ψ, which will destroy the quantum critical point.
The parton c 1,2 is always in a C = −1 band, it corresponds to φ realizes ν = −1/2 bosonic Laughlin state. Specifically we take the hopping amplitude as t c1 1x = t c1 1x = 1, t c1 1z = 1, t c1 2z = 0.5e iπ/2 , and t c2 1x = t c2 1x = 1, t c2 1z = −1, t c2 2z = 0.5e iπ/2 . ITO is realized by putting U (2) f -partons into a C = 2 band, which for example can be realized with hopping amplitude t f 1x = t f 1y = 1, t f 1z = 1, t f 2z = 0.5e iπ/2 , t f 3x = t f 3y = 0.3, t f 3z = 1. To realize the zigzag magnetic order, we need to tune the Chern number of f -partons to C = 1. It can be triggered by tuning t f 1x = t f 1y , and the transition happens at t f 1x = t f 1y = 1.3. Using this mean-field ansatz, we work out the symmetry quantum numbers of the relevant operators as summarized in Table I . We note that the quantum numbers of d (Tra) turn out to be identical to that ofΨγ µ Ψ in all our fermionic dual theories, so they are not displayed in the tables.
To realize the transition from the ITO to the trivially polarized state, we need to tune the Chern number directly from C = 2 to C = 0. There are three different types of ways to realize this transition:
1. Tuninng t f 1z , and the transition happens at t f 1z = 1.6. The two Dirac cones are at the M 1 and M 2 points. VI. Symmetries of operators in the N f = 2 critical theory with two Dirac cones on the high symmetry line M3 − M3. s = 0, 1 cannot be determined using our current method. There is one symmetry allowed relevant operator, Ψγ 2 τ z Ψ, which however only moves the location of Dirac points without destroying the quantum critical point.
In this case, the symmetry actions on Ψ are given by
The quantum numbers of the gauge invariant relevant operators are summarized in Table IV. 2. Tunning t f 3x = t f 3y , and the transition happens at t f 3x = t f 3y = 1. The two Dirac cones are at (k 1 , k 2 ) = (k, k), (−k, −k), which are on the high symmetry line K − K . In this case, the symmetry actions on Ψ are given by 
The quantum numbers of the gauge invariant relevant operators are summarized in Table V. 3. Tuning t f 3z , and the transition happens at t f 3z = 1.6. The two Dirac cones are at (k 1 , k 2 ) = (k, −k), (−k, k), which are on the high symmetry line M 3 − M 3 . In this case, the symmetry actions on Ψ are given by 
The quantum numbers of the gauge invariant relevant operators are summarized in Table VI. At last, we make a few comments on the monopole operators. Technically, we follow the method in Ref. [74, 103, 104] to calculate the quantum numbers of the monopoles. Namely, we explicitly construct the monopole states on a torus, and then extract the quantum number of the monopole states. Specifically, we put the system on a 2 × L × L lattice, and spread a uniform 2π flux for each parton c, f . Each Dirac fermion will form Landau levels with one exact zero mode. When N f = 1, the gauge invariant monopole corresponds to a state with all negative-energy Fermi sea filled. In contrast, in the N f = 2 critical theory, the gauge invariant monopoles should have two zero modes filled (each from one U (2) color) together with the filled negative-energy Fermi sea. There are three gauge invariant ways to fill the zero modes,
Here M is the bare monopole with 2π flux and filled negative-energy Fermi sea. ψ represents the zero mode, and 1, 2 are the flavor indices and a, b are the color indices. The three monopoles are in the adjoint representation of the SU (2) flavor symmetry. Using our current method, we are not able to determine the quantum number of the monopoles under T σ * , for which there is an undetermined sign M → ±M † . In the N f = 1 theory, we speculate the sign is −1, hence it matches the quantum number of the zigzag order. In the N f = 2 theory, we leave this sign undetermined, and it has no influence on our discussion on the nature of the confined state.
More details on the quantum numbers of monopoles
Before finishing this appendix, we discuss in more details the symmetry actions on the monopoles of the fermionic critical theory with N f = 2, using state-operator correspondence. Including both colors and spins, there will be four zero modes in the presence of ±2π background flux. In this case there is no Chern-Simons term
